Entropic order parameters:

Two algebras for the same region — two states for the same algebra — relative entropy

: Amax — Aadd

M

Conditional expectation: linear positive map (chanel) from an algebra
to a subalgebra that keeps the subalgebra invariant

Uses: lift a state from the subalgebra to the algebra WA.a4a — WA,qa C €

Conditional expectation in the case of group
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Entropic order parameter Sa (w|w o 5)
max

Relative entropy between the vacuum and the vacuum with
non local operators set to zero expectation value.

It is a measure of the statistics (expectation
values) of non local operators, but has info Standard non local operators
of the additive algebra as well determined only by geometry
and the vacuum can also be defined

It is function of the geometry of the region only



Complementarity diagram

Aadd(R)v{ﬂ'} N Aadd(R)

1 / i / Dual conditional expectations

are unique in QFT
-Aadd(ﬁ-f) ’{— Addd V {b}

For a pure global state we have the entropic certainty relation

.y .f _ i i f
Sltmax(R) (W|w 0 8) + Sppe(my(Wlwo ') =logA  (log |G])
Index of the inclusion Aaaa(R)  C Apax(R)
H. Casini, M. Huerta, J. Magan, D. Pontello e-Print: 1905.10487 [hep-th]
J.Magan, D. Pontello e-Print: 2005.01760 [hep-th]
S. Hollands e-Print: 2009.05024 [quant-ph]

Feng Xu e-Print: 1812.01119 [math-ph]


https://arxiv.org/abs/2005.01760
https://arxiv.org/abs/2009.05024
https://arxiv.org/abs/1905.10487

Conditional
expectation

BcA

e(my) = Ind(e) Yy

- A= B



Entropic certainty and uncertainty relations

Shmac(R)(Wlw 0 2) + S 4 (r)(wWlwoe') = log |G

_— 'SAMM(R)V{&} (w\w @] C) E 10g ‘G| . SA;,_(_“_1(R’)V{E)} (f,o‘ W o .E:‘!) § log ‘G|

But they cannot saturate at the same time: uncertainty relations for non commuting opertators a,b

2 2 ,. |
=1, v =1, 7v=—=-¢YrT1

L= ()2 = |(@)2 = 0

Z2 group

It contains information on the rest of the algebra (improvements by additive operators)

It gives a handle in computations

S{a} (w|w o S) < S.Aa_dd(R)V{a} (w“w‘ 0 c") < log ‘G‘ — S{b} (w“w‘ o Sf)



Heuristics of area law:
an area worth of decoupled loops with approx constant
expectation value

—> the relative entropy for the exterior of the orange
ring approaches Log|G| exponentially in the number of loops
(then exponentially in the area)

The relative entropy in the ring has an area law
because of the certainty relation



Non abelian gauge phases.
Scaling order parameters.

Fat rings. Dual of an area law is a constant law:
Matches the same story for ordinary symmetries:
Massive and SSB cases.

Wilson loops and ‘t Hooft loops relative entropies
Sw(AR) and St(AR) for scaled regions, as A —+ 0 or A —+ oo

Saturation: Sy (AR) and Sp(AR) Sw (AR) and Sp(AR) converge to intermediate
dualy converge to log |G| or O values between log |G| and 0 depending on
independently of shape the shape of i

Power law in A (power
Exponentially fast in A depends on shape):
Higgs/confinent phases Electric and magnetic
Coulomb phases

[ Conformal phase ]




Modular invariance as completeness



Plan of the talk:

1) Modular invariance (S transformation) as completeness of d=2 CFT’s (through Renyi entropies)
2) Measuring the amount of incompleteness: the global index

3) Application to selection rules for the RG of minimal models

4) Some infinite index cases

5) Some results in higher dimensions




Modular invariance as completeness

Based on work with V. Benedetti, Y. Kawahigashi, R. Longo, J. Magan (2024)

Completeness :  Algebras generated by field operators are the maximal ones compatible with causality
Amax(R) = A(R) = (A(R")) Haag duality (for the additive algebra)

Remark:

“Non local operator” is a notion relative to a topologically
non trivial region. An operator (Wilson loop, t" Hooft
loop) can be non local in a region (ring) and is always
additive in the ball that contains the ring (in general there
is Haag duality for balls).

As all operators are ultimatelly generated by local ones
the description of a CFT in terms of primary fields and
boostrap data does not need any addition to describe HDV/GS.

(A s;) fijk

Question: what is the imprint of Haag duality violations / generalized symmetries in the boostrap data?

For example: how to diagnose from the CFT data if a given model can be extended or is the neutral part of
another one under a symmetry group? (so it has two-ball HDV)



Question: what is the imprint of Haag duality violations / generalized symmetries in the boostrap data?

For d=2 CFT’s the question can be answered:

(S) Modular invariance <«— Completeness

Modular invariance usually invoked as an axiom. or even by “unitarity”, but there are perfectly good
models (as relativistic qguantum models) that are non modular invariant.

How to make the connection?

Algebraic literature: proposed by Rehren (2001). Unpublished proofs by R. Longo, Y. Kawashigashi, and
M. Muger (2004).

Renyi entropies: connection between partition functions through the replica trick to local algebras.



Renyi entropy

S, = (1—n)"tlogtrp"

(n+1)c
6n

For one interval S.(R) = log(r/c)

For two intervals: Renyi mutual information — i

a by &
L(Ry. Ry) = Su(Ry) + Su(Ra) — Sa(Ry U Ry)
I,(r)=— (nt1)e log(1 —x) + Uy(x)
61
If Sn(l1U13) = S,(l5U 1) then  {,(2) = Un(1 - 2)

: Y (b1 —a1)(ba — a2)

b‘j o (az —at)(ba —b1)

However, the entropies for a global pure state are equal for commutant algebras  Sn(A) = S, (A")

rather tan complementary regions.

Then Up(x)=Up(1—2) <+—> Haag duality for two intervals (completeness)

€ (0.1)



Example with non symmetric U: chiral scalar (the neutral part of a chiral complex fermion under the U(1)
charge symmetry)

j(xT) = 0y H :% / drj(x)?,  [j(2).i(y)] =i (x —y)

xy
013 = ¢(x1) — d(x3) = / dx 0,0 (x)

J

[O13.024] =i

(\Aadd{fll’g})f = (A(h) V A{I3))’ = A(Ig) A% A(Lﬂ V O24 = A.qq (IQI,;) VvV gy .
(Aaaa(l21y))" = (A(l2) V A1) = A(I1) V A(I3) V O13 = Agaa(1113) V O13

oif ] small x: large distances
s x near 1: touching intervals




Replica trick

trp” ZIn] @ e @ — @ —

B Z [1] n G G G &)

For n=2 and two intervals the manifold has genus 1 and can be conformally mapped to a torus of

radius 1 and hight |. Tranformation cost is universal and (Furukawa, Pasquier, Shiraishi 2009, Headrick 2010)
depends only on ¢ (Liuville action)

Io() = log Z[il] — < tog ( 21L=2) = (HQ(H)Y 12— (HE(WY PG 3 11—

)= AT OB T2 =G0 ) T\GG) T RG I

rerl—ax «—> [ 1)1 Z[T] _ tquD_C/QLl@EO_C/th: g = 27T r — il

- _ ¢ (1l —x)
Us(xr) = log Z[il] + G log (T)

The asymmetry is both a violation of
modular invariance z[r] = z[-1/7] Ag(x) = Us(x) — Us(1 —x) =log Z[il] — log Z|i/l]
and of Haag duality




Why?

Complete model

Suppose we have a field charged under a group G and take the neutral algebra W, U™ — (WU™)

1 Projector onto the neutral states:
P==> Ul ) o the -
& e not modular invariant anymore
T * Not an operator in the additive algebra of the intervals,

L . . ___, yesanoperator in the maximal algebra: no Haag duality
ay b, a b, for two intervals



The asymmetry is in general a complicated function of the cross ratio. But the limit x—1 is “universal”.
It is given by an index that only depends on the type of “symmetry”.

B 1

gEG

In the high temperature limit there are many independent qui_%(U(g)),@ — dg1

charge fluctuations of all representations. |

— multiples of the regular representation lim Z7(5) = lim (P)g = L
P g P p=0 Ze(B) a0t PTG

Ag(x) =Us(x) —Usg(1 — x) =log Z[il] — log Z[i/I]

U(0) =0
=ty 1o 27 10 27 g Zrfl
A= IS\ 2l TR /) T 0 Zelin) T T



In more generality the inclusion of the algebras 7 < C has sectors or charges and non invertible
symmetries

r X s= @Nﬁs t — NS{;'} = N5, — > (non-integer) dimensions ({_-,’1 do. - _{-gn)
t
n,.d,
Index of inclusion of algebras A =[C:T] = andr (p*‘ - S ned )

i i/ Zrlil
Us(1) = lim (log Zrli] log ZTW”) = lim log rlil = —log A

0 8 Zelil] B Zeli/n ) T 150 0 Zelil]

This is the index of the inclusion of the model in a complete one. But one can also define an index of the
inclusion between the maximal and additive algebras for two intervals A(R) C (A(R"))
This is called the global index and is defined by the model itself without any completion.

= A2 e (Longo (1989)) — Us(1) = —% log 1

In summary:

log Z¢li/l] ~ ;T + exponentially small, [ <1 — Gap in the spectrum
log Zelil] ~ % + exponentially small, [ <1 — Modular invariance
log Zrlil] = e 1log;.z. +.0 k1. — No modular invariance

6l 2



Other Renyi entropies

71

Y2 72

n=2, two intervals

S, = (1—n)"tlogtrp™

lim U, (z) = —log A

r—1

Ry

flat spectrum

n=3, two intervals



How to compute the index: model defined as extension of local chiral algebra
Xr(7) = Tr, e2mit(Lo—c/24) Chiral characters
Yr(=1/7) = Z SrsXs(T), Xr(T+1) = ZTM Xs(T) Modular transformation matrices

Model defined by the coupling matrix 7 _ Zﬂ[rs vr(7) xs(7) > © = O,z

Modular invariance is SM=MS., TM=MT

The T symmetry is equivalentto h=h+Fk, keZ necessaryforcausality (v(2)¢(0)) = 55—

r(7) Sor . X1(7) | _ 12 g-2
= = dy, }rl_l}%)m = Soo M= Z ‘-'i'r - “500

Using lim X = —— =
0 x1(7)  Soo -

The global index is

e . Z(T) DAY
pgr " =lm o = Mo d
-0 Z(—1/T) 2_ij di Mij d;




Some examples:

Fermionic Bosonic
(L,1), (e, @), (1,1), (e, &),
(1,8),(&1) (0,0)

u=1 =1

g’
/}?’/f K>§>\\\ 7 K>Q}\\

(1,1),(1,e) 1,1), (1)
=4

p=4

Ising model c=1/2

(1D, (e &)

Diagonal

(L.1). (e e). (¢, &),
(e".€"), (e, &), (€ 8),
(1,e",(e"1)

(1,10, (e, €), (€, €7,

(e", &™), (0,0), (0,6

=1
u=1 g
i is
=4 =2
% \ ) \

(LD.(ehe),| (LD, (ehe)| (L1, %e") (LD,"e) | (LD,(ee),
(€',e),(1,e") (e, &), (") (1,e",(e",1) (¢',0)) (',e), (", "),
p=4 p=d B= (543704 H=GHyI w=4
2 N ; Aws’l(!ﬂ\
oy e N "
!}//@ / (,/,0) RN €4
(1,1),(1,&") |(l,l),(€",l) |(l,1),(£",€”) |(l,1),(£;,£')|
p=5+/57 u=0G+4/37 n=G+/57 u=16

\-§ M
A3 1___“0'5
(1.1)

Tricritical Ising model c=7/10

Fermionic

p=45+4/57

Non diagonal

(L1), (e, e), (0,0), (X, X), (Y, Y)
(Z,2),(A,A),(B,B),(C,C),(D,D)

(L1), (e, €),(0,0),(X,X),(Y,Y)
(Z,Z),(A,B),(B,A), (C,D), (D, C)

(1!1) L) (898)9 (X!X)! (Ya Y)! {Zlyz])! (22922)9
(61,0, (65,05, (X, ), (&,X),(1,Y),(¥.1)

In d=2 a model can have several
inequivalent completions

(and non group symmetry,
“braided categories”).

For d>2 the completion (for two t
sectors) is unique and related to
group symmetry.

= (545104 N n=4 = (54/5) 4
2l
o A ¢ T =1
5

u=9
4
‘k'q‘
T s,
i3 ?’J’a}

w=1 u=1
S s > %
/ \ // g &,
}4» mé (2
(1D, (Y. Y),(Z.2).| [(1,1), (e, €), X, X),| [(1,1), (Y, V),(Z.Z), | [(1.D),(e.8),(X.X). . 7). [(1,1),(Z},Z), (Z>, Z,),
(A,A), (B, B) Y. V), (Z.7) (A,B),(B,A) (X, e),(e,X),(1,Y),(Y,]) (Y, Y),(1,Y),(¥,1)

(1,1), (¥, 1),
(Z,2)

(1,1), (e, &),
(X, X,

LD, (X.X),
(¥.1), (e.X)

L1, (X, X),
(I!Y)! (XS 8}

(1,0, ¥, 1),
(1.Y).(r.1)

p=105+/37

2
1=2 -@‘/IOJ

=1

u=30
o

- /@.r

(L), X, X)]

[(1L,D), (v, Y)|

(L1, 1]

[(1,1), (1,Y)]

p=144

w=95+45)"

=905 445

N M
=g x =
%"(k/;gj (1 , 1 )

=605 + /5

=95 +4/5)"°

1= (046 + 507
7 ——

c=4/5

= (145 +4/5)°

/




All subcategories classified for c<1 (Kawahigashi and Longo (2004))
All submodels for c<1 ( Benedetti, Casini, Magan (2024))

|l’ﬂ3.‘], r=all,s=all, r+5= mwrl

gp r=all, s=all, r+ 5= r.>wm|

/ H \ ,

qa{] 5= r.'N |qr}0, spT = odd, 5= :Jdl |(pl ]] r=all ! =0
q;,“ 5= mfur @i, H r=all | |tp0 W= uu’dl lfﬁ]‘_ﬂ, v =all
_‘MI/"‘ ilm + 1104 ,4:1‘,.%—]1///, ﬂ=;Tnf|
4"[1 1 Pim-1,1) (¢ r= C"4""| 201 #on1)]
= gi(m)i(m + 116 H= il + 1) = dlm)itm + 116 = i)
o= fim)gi(m + 1304 po= f(mya(m + 1)/4
odd m > even m > 6
Fields included Tensor Category Global Index ()
1 ;,-:? for all » and s Id 1
r,s)
2|1 % . for r odd and s odd 7o 4
(r.s)
‘ A0 . ) E\en m2 . —4 (7
3 P(1,5) for all s su(2)5ve oo sin™t (Z)
2 .
4 ? 1.s) for s odd 51(2)—2 7 sin 4 (?L)
= A0 . E\en (m+1)? . 4 s
5 Pr.1) for all 1 su(2)se 15— sin (m+1
: 0 . m+1)? . 4 @
6 Plr1) for r odd s1(2) -1 ( 1 )° sin (mj-l
Pl 2
- 0 exen even m (m+1)° . 4w\ - 4 T
7 Y1) and (m 1.1) su(2)57 X su(2)5V SEg—— Sill (m) sin (m_
2 2
A0 , m?(m+1)2 . _4 .4
8 ¥(1,1) (Am-1, Am) — 6z sl (%) s (m.ﬂ—

Minimal models

6

c=1————
m(m + 1)

For general m there are
8 diagonal models

Y (x/m)/4

fi(m) = m?sin~



Benedetti, Casini, Magan 2024

Application: Selection rules for RG of minimal models C. Chang, Y. Lin, S. Shao, Y. Wang, X. Yin 2018
Y Nakayama, T. Tanaka 2024

Id Id
0 - — o 0 el F =
(ﬂ(r..\:' r=all, s=all, r+ 5 = even Pirsp 7= all, s =all, r + 5 = even
=1 =1
su)en / . . / )
0 _ 0 0 . 0 ,
ff«‘” Sy 5= all E’()U__“. r=odd, s = odd P, ey T all {J{}( r) odd, 5 = odd
po=jim+ 1304 H=4 o= jilm + 1)/4 =4
/ k. . //
su(2),, ,F.-——-"/ su(2),, ,,_-f'f

u= .HI/H = fi(m+ 2)/4 H = jilm +/ o= jiim)4
3 -

0 0 0 0 0 0
| 0.1 Pom,1) |90y r=0dd| |91y Pon-1))

# = fitm + Djlm + 2)/16 = Am+2) o = film)im + 1D/16 = Alm)

0

st = film + Djilm + 2014 p = film)f(m + 1)/4

uv myy=m+1 mp=m m=even IR

If the UV action is perturbed with a relevant scalar of the UV theory the flow can be thought to take place
in the subalgebra generated by this field and the stress tensor.

The index and all structure of inclusions above this subalgebra are preserved by the RG. In the picture the
flow started by the field (1,3) (Zamolodchikov’s flow). The index is such that it is only matched by a
submodel of mrr=muvv =1 There are no other posible matchs for this flow (unless massive).

In general quite restricted set of posibilities: new ones for example (1,2) can go from m to m-1, (2,1) gapped.



I Id

0 5 ’ i I :
‘ f,fJ;_,", pr=all 5= all. r+5= ;-.'.:4.‘| uv ‘ff)u__,‘l, "ﬂ[... g F= odd, 5= uc.’r.a"
o ou=1 I [
—

//

su(2)EEn / su(2)eret —
| ) .

| Q’J[“;.ﬂ_ s=all | q}lil]-!_l_ Q’Jlll...I 5 = odd |¢r|.{:___._ o7 = odd, 5 = pu":!'l ?8_ 1y 'pflr pr= all

= gim+ 2)' 16

w = fim+ )04 = jilm+ 1)/4 =4
P __..-—-"/%
a1

T _—

5= odd

| @ﬂ,.,,;vf',,,,.),fp(‘l_.yaﬁ,,_.} | |<"Fr.11’ i | |'3’(2.w’5"('r.n=’="‘*‘|

w'gnll’ 40(1@”: ry = odd, r, = even

= il + Dalm + 264 n-ih:jit__-—-—"

[i] 0 1] 1 0 1 0
| 2.1y Pom1) ‘ [ Yoy P || Py Ponty l |@’(r.1;= r=0d¢='|
= jtm & Lyilm + 2016 4 = jitm + Dyalm + 20716 5 = g(m + Djgim + 2016 g w gl + 20

P

g = fiim + 1aim + 2)/d

W= igm + 274 = Alm + 2074

Id
[} .
[ﬁ”{:-,,\. r=all, s=all, r+i= r-'.'r'rr‘ IR -jrf:r': ) ffﬂll'l..\__l. r = odd, 5, = odd, r; = even, 5, = even
/ a=1 ___,___-—"___'__:_:-"-' p=1
_——'—______—_ ,-—F’"‘}---
s __,,.p—“"
.--""H-F
.—-""'—f-

0 . 0 ] 0
| Piriy T all ” P 1y P = odd, ry = ey H'IH(’U--"--‘ o F = odd, s = odd

= fiim+ 144 = i+ 104 e
(__,_,-r“' o
.—"_)- _a——_'__'_'_-
_-_!_’_,--" ___F____,_,———'__'_
sul2) _’_':—’:_:"_______

P

Py Pim-1.1)

J= @imyiim + 1716

0 =m=
Tin =8 =10

= flmyitm + 1174

Non diagonal extensions



Some cases of infinite index

. o . ja?
If the relation between complete model and submodel is a Lie group 7 = e?aiLi (T) ~ ¢ kT
Z7(B) ,
log = =log(P)z ~ — log(/
OD Z(‘{f) DD( >-'] ¢ l()g(a))
U, (x) ~ ) log(—log(l —z)), = —1 H.C., M. Huerta, J. Magan, D. Pontello (2020)

Chiral scalar (U(1) fix point of the chiral complex fermion)

"+oo
U,(n) = 2(”“1 ¥ /U ds(coth(msn) — coth(xs))

_ 1
["'n{m) ~ _5 log(_ log(l - *I’P)) , x— 1 log SF (1 +is,—is: 1ip)
O\ TR (T —is.isi i) )

Virasoro net for c=1

e

Ao (T) — a1 L—e N 3
Aa(l) = log (\1(1/2)> =5 log(l) + log (1 Ty Ua(z) ~ 3 log(—log(l — x))

; -1 fi : : P o (Rehren 1993,
Virasoro net for c=1 fix point of the chiral su(2)1 / SU(2) R, Dijkarasf. &. Verlinde, H. Verlinde 1988
current algebra
For the Virasoro net c>1 too many sectors to be a Lie group. Uy () (c—1) log(1 — 1)
fold) ~ — L
12

However, formula of Renyi 2 highly suspicious. No strong additivity!

A(71) V A(y2) = A7) Py Py, — P



rd—1 al|
Higher dimensions ST ... x Sl S X 5
_|—> No modular symmetry

Banerjee, J. Bhattacharya, S. Bhattacharyya, Jain, Minwalla, Sharma (2012)

Thermal effective action Jensen, Kaminski, Koutun, Meyer, Ritz, Yarom (2012)
Benjamin, Lee, Ooguri, Simmons-Duffin (2023)

log Z ~ c3 T3+ T +e T+ d=4 (even dimensions)

—  log 4 ~ 03T3 + clTl —log |G|+ ---
In terms of the asymptotic density of primaries
log p ~ log p. — log |G|

‘ cA 3 1 | N1/2 (for d=2 correction of Cardy formula
logp = 2my\[ == —  log A+ 7 log(c/96) —log A+ O(A™7)  gives the solution of original problem)

For Lie group symmetry (distinguishable in any dimension)

G(d—1)

74 log(A)

log p ~ log p. —
For example for d=4 logarithmic term has a universal form for a complete model proportional to

—4/3 log(A) Kang, Lee, Ooguri (2023)



Haag duality violations (or generalized symmetry) is lack of completeness.

Expression in terms of CFT data understood in d=2: violation of S modular invariance.
Modular invariance is completeness for d=2 CFT’s.

In higher dimension HDV for disconnected regions (associated to a symmetry group)
detectable from the asymptotics of the density of states (at least for even d).

How to detect higher form symmetries in the CFT data?




